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A note on gradient Young measure relaxation

of Dieudonné-Rashevsky type control problems with integrands f(s, &, v)

Marcus Wagner

1. Introduction and main result.

In calculus of variations or optimal control, relaxation of a given problem means to define a new problem,
whose feasible domain contains the original one (possibly in the sense of imbedding), whose objective is
lower semicontinuous with respect to a suitable topology, and whose minimal value is the same as in the
original problem. %) Consequently, the relaxed problem admits global minimizers and can be accessed by
direct methods.°? In optimal control, the proof of the necessary optimality conditions in the form of the
Pontryagin principle is based on the relaxation of the given problem as well. %)

There are two well-introduced approaches for the relaxation of variational or control problems. Assuming
that the objective of the problem reads as

F(z) = /Qf(s,m(s),Jx(s))ds (1.1)

with @ C R™ and f(s,&,v): @ x R" x R" — RU{(+00) }, the first approach requires the replacement
of the integrand f — depending on the dimensions m and n — by its convex or quasiconvex envelope with
respect to the variable v 4 while the feasible domain of the original problem remains unchanged. The second
approach is the introduction of generalized controls (Young measures) p € Y(K) C L™[Q, rca (R™™)] (see
Section 2 below). %) Here arises a new problem with the functional

o) = [ [ flsuats) o) duo)ds (1:2)
IR"n,m
and the additional constraint
0x;(s)/0s; = / vijdps(v) fora.a. s€Q,1<i<n, 1<j<m. (1.3)

The aim of the present paper is to pursue the second approach and to provide a relaxation theorem for multi-
dimensional control problems of Dieudonné-Rashevsky type in terms of Young measures. Recently, problems
of this kind have found fruitful applications in mathematical image processing?® but they arise as well in

the geometric theory of convex bodies,?”) in material sciences®®) or in underdetermined boundary value

See e. g. [BuTTAZZO 89 ], pp. 2 ff. and pp. 16 ff., and [ GAMKRELIDZE 78].
Cf. [DACOROGNA 08], p. 3.

We refer to [IOFFE/TICHOMIROW 79], pp. 85 ff. and 213 ff., and [ GINSBURG/IOFFE 96], p. 92, Definition 3.2. and
Theorem 3.3.

Cf. [DACOROGNA 08], p. 416 ff., Theorem 9.1., and p. 432, Theorem 9.8. and Remark 9.9., (i).
GAMKRELIDZE 78], pp. 21 ff. and 135 ff., and [ PEDREGAL 97], pp. 10 ff. and 133 ff.

[

[ANGELOV 11], [BRUNE/MAURER/WAGNER 09], [FRANEK/FRANEK/MAURER/WAGNER 12], [ WAGNER 09D],
[WAGNER 10] and [ WAGNER 11A].
[
[

ANDREJEWA /KLOTZLER 84A], [ ANDREJEWA/KLOTZLER 84B], p. 149 f.
LUR'E 75], pp. 240 fI., [ TING 69A], p. 531 f., [TING 69B], [ WAGNER 96, pp. 76 fI.
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problems for implicit first-order PDE’s. %) In abstract form, they may be stated as follows:

(P)1: F(z,u) / f(s,z(s),u(s))ds — inf!; (x,u) € W(l)’p(Q,IPL") x LP(Q,R™); (1.4)
O (s )/831 e 0x1(8)/08m

Ja(s) = : =u(s) € KCR" fora. a . se€Q (1.5)
an(s)/asl e 0z (5)/08m

where n > 1, m > 1, Q C R™ is a bounded (strongly) Lipschitz domain and K € R"™ is a convex body
containing the origin in its interior.

In analogy to the basic problem of multidimensional calculus of variations, the control problem (P); requires
quasiconvex instead of convex relaxation unless n = 1 or m = 1. In previous research, the author pointed
out that the appropriate tool for the quasiconvex relaxation of (P); is the lower semicontinuous quasiconvex
envelope (99 (s,€,v) of the integrand f with respect to the variable v (cf. Definition 3.2. below)'?) but
provided a Young measure relaxation theorem in a special case only. 'Y The open question how the relaxation
of (P); with a general integrand f(s,&,v) can be expressed in terms of Young measures will be answered in
the following Theorem 1.1.

Theorem 1.1. (Young measure relaxation of (P); ) Assume that the data in (P)1 satisfy the following
properties: n > >1,1<p<oo, QCR™ is a bounded Lipschitz domain with o € int (), K C R"™ is
a convez body wzth o € int (K), and the integrand f(s,&,v): Q@ x R* x R"™ — R U{(400) } belongs to the

class f;"K described in Definition 3.3. below. Together with (P)1, we consider two further control problems:

(P)y: FU9(z,u) = /Qf(qc)(s,x(s),u(s))ds —s infl;  (z,u) € WEP(Q,R™) x LP(Q,R"™); (1.6)
Glau) = Ja(s) —uls) = 0 (V)s€Q: uls) € K (V)seQ: (17)
(P)s: Fla, ) /ﬂ/ F(s,2(5),v) dis(v) ds —s infls (2, 1) € WIPQR™) x G(K): (1.8)
Gla,p) = Ja(s) — /K vdps(v) = 0 (V)s€Q (1.9)

where G(K) C L[, rca (K)| is the set of gradient Young measures described in Definition 2.1., 2) below.
Denote by my, mo and ms the minimal values of the problems (P)1, (P)2 and (P)s, respectively. Then

1) The three minimal values my, ma and ms coincide.

2) The problems (P)2 and (P)s admit global minimizers. Moreover, if (Z,1) is a global minimizer of (P)y or

(P)z2 then (&, {dacs) } ) is a global minimizer of (P)s.

The main ingredient for the proof is a characterization theorem for gradient Young measures supported on
K (Theorem 2.9.) arising as an appropriate generalization of a result of KINDERLEHRER/PEDREGAL. In view
of its importance, we will provide a complete proof of this theorem as well. Two further elements of the proof
of Theorem 1.1. are WAGNER'’s representation theorem for the lower semicontinuous quasiconvex envelope,
which expresses f(4°) (s, &, v) as the minimum of the values ( f(s,&,v), v) where v runs through a certain
set of probability measures (Theorem 3.8.), and SCHAL’s measurability theorem for the “optimal” selector
(Theorem 4.4.).

[ DACOROGNA/MARCELLINI 97 ], [ DACOROGNA/MARCELLINI 98] and [ DACOROGNA/MARCELLINI 99] .
[WAGNER 09A] — [ WAGNER 09¢] and particularly [ WAGNER 11B], pp. 192 ff.
[WAGNER 09C], p. 617, Theorem 4.2., with f = f(v).
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The structure of the paper is as follows: After closing this introduction with a synopsis of notations, we
will collect in Section 2 the needed facts about gradient Young measures and then prove the announced
characterization theorem. In Section 3, we will summarize the properties of unbounded quasiconvex functions
and the lower semicontinuous quasiconvex envelope of the integrand. Finally, we turn in Section 4 to the

investigation of the Young measure relaxed control problem (P)s and to the proof of Theorem 1.1.

Notations.

We denote by C*(Q,R"), L*(Q,R") and W"?(,R") the spaces of r-dimensional vector functions whose
components are k-times continuously differentiable, belong to L” (€, R) or to the Sobolev space of L¥(2, R)-
functions with weak derivatives up to kth order in L”(Q,R), respectively (k € {0,1, ... }, 1 < p < o0).
Moreover, Wcl)’p (€, R") denotes the subspace of the compactly supported functions within whr (Q,R"). The
components of z € W™ (Q,R") will be considered as Lipschitz functions with zero boundary values. ')
The symbols x,; and dx/ds; may denote the classical as well as the weak partial derivative of z by s;.
Jx denotes the Jacobi matrix of the function x. rca (K) denotes the space of all (signed) Radon measures
supported on K, and rca " (K) C rca (K) denotes the subset of probability measures on K. The notions for
Young measures will be introduced in Subsection 2.a) below.

The extended real line R = R U { (+00) } will be equipped with the natural topological and order structures
where (+00) is the greatest element. Throughout the paper, for all functions f: R™™ — R, which are allowed
to take the value (+00), we will assume that the effective domain dom (f) = {v € R"™ | f(v) < (+00) } is
nonempty. The restriction of the function f to the subset A of its range of definition is denoted by f ‘ A A
convex body K ¢ R™™ will be understood as a convex, compact set with nonempty interior. '3)

Finally, we will frequently use three nonstandard notations. “{xz™ }, A” denotes a sequence {z™ } with
members zV € A. If A C R” then the abbreviation “(V)¢ € A” has to be read as “for almost all + € A”
resp. “for all ¢ € A except a r-dimensional Lebesgue null set”. The symbol o denotes, depending on the

context, the zero element resp. the zero function of the underlying space.

2. Characterization of gradient Young measures on K.

a) Basic definitions and properties.

We consider the Bochner space L™ [ (), rca (K)] of weakly*-measurable, measure-valued maps p: Q —

rca (K), which is equipped with its weak*-topology. %)

Definition 2.1. 1) (Young measures on K, generalized controls) ') An element p € L™ [ (Q), rca (K) |
is called a Young measure iff there exists a so-called generating sequence { u™ } , L™ (Q, R"™™) with a) u™N (s) €
K (V)s € QVN €N and b) {d,~ ) } —= g within L[ (), rca (K)|. Consequently, Young measures are
precisely those elements of Loo[(Q), rea (K)}, which take values within the subset rcaP” (K) of probability

measures on K. The set of all Young measures on K is denoted by Y (K).

[EVANS/GARIEPY 92], p. 131, Theorem 5.
See e. g. [ SCHNEIDER 93] .

We refer to [EDWARDS 65], pp. 557 ff. and 586 ff. In particular, by ibid., p. 590, Theorem 8.18.3., the duality
relation L™ [Q, rea (K)} = (L1 [(Q)7 C°(K, IR)] )* holds true. Consequently, on L™ [ (Q), rca (K) ]7 the different
measurability concepts for Bochner spaces agree, and the weak*-topology on the unit ball is metrizable.

See [ GAMKRELIDZE 78] pp. 23 ff., and [ MULLER 99], pp. 115 fI.
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2) (Gradient Young measures on K, generalized gradient controls) 19 An element u € Y (K) is called
a gradient Young measure iff there exists a sequence { zN }, W™ (Q,R™) with the properties a) JzN (s) € K
(V)s € QVN € N and b) {0,~5(s) } s p within L>[(), rca (K)|. The subset of all gradient measures
is denoted by G(K) C Y(K).

Definition 2.2. (First moment of a Young measure, underlying deformation) For p € Y(K), the
measurable, essentially bounded function u: Q — R"™ defined through

u(s) = /deus(v) (2.1)

is called the first moment of p.

Obviously, the first moment of a gradient Young measure is a gradient v = Jx as well. The generating
data {2V}, WI’OO(Q, R™) of a gradient Young measure can be always chosen in such a way that a) 2 =
& e WHh(Q,R"™), b) Ja¥ 2~ Ji within L(Q,R™™) and JaN(s), Ji(s) € K (V)s € Q VN € N, ¢)
{870nv(s) } — p within L[ (Q), rca (K) | and d) Ji(s) = [, vdus(v) (V) s € Q.

Lemma 2.3. (Modification of generating sequences for gradient Young measures) 1) If p €
G (K) possesses a first moment Jx arising from a function x € Wé’oo(Q,R”) then there exists a sequence
{aN}, W(l)’oo(Q,]R") with the properties of Definition 2.1., 2).

2) Assume that there exist sequences { w™ }, K and { N}, W' (Q, R") with w™ — w € K, wN+JzN(s) €
K (V)s € QVN € N and {5y~ 1 jan(s) } s p € G(K). If the first moment of u € G(K) takes the shape
w+ Jz(s) where z € Wé’oo(Q,R") then there exist sequences { w' }, int (K) and {Z"V }, Wé’w(Q,R”) with
a) N —w, b) N + JEN(s) e K (V) s € QVN € N and ¢) {6gv 17575 “p e gK).

Proof. Part 1) is a special case of Part 2) with w” = w = 0. In order to prove 2), we may assume that the

generating data for p fulfill ¥ = 2 and JzV — Jz. Using subdomains
QK =1-1/K)QcQ (2.2)

and Lipschitz functions n% : Q — R with

=11]se€0Qf;
n%(s) < €10, 1] | else and ‘VnK(sM <C1K V)seQ, (2.3)
=0 s€0;

we define the functions y™* € W}'>°(Q, R") through
y"E(s) = aN(s)n"(s) = JyVE(s) = 0" (s) JaN(s) + 2V (s) @ VR (s). (2.4)

From (2.3) it follows that

|2N(s) @ VnR(s)| < C1Coa K- sup  |2N(s)], (2.5)
seQ\ QK
and since 2V converges uniformly to x € W(l)’oo(Q, R™), we may selcet a diagonal sequence { y™¥(5)-K 1 such
that
sup |xN(K)(3)’ < # (2.6)
sEQ\ QK C,Cy K?

[ KINDERLEHRER/PEDRECAL 91], p. 333, and [ MULLER 99], p. 126, Definition 4.1.



Consequently, w™N () 4 JyNE)LK(5) = pNE) 4 pK(5) JaNE) () + 2N (s) @ VX (s) belongs to K +
B(0,1/K) since nf(s) < 1, and we find a monotonically increasing sequence of numbers AX € (0, 1) with
lim g, M€ = 1 and MK (VU 4 JyNE)K(5)) € K (V)s € Q VK € N. Now the assertion of Part
2) is true with @ = A wNU) ¢ int (K) and 7K = A\ yNUELK ¢ Wé’oo(Q,]R”): We have w¥ — w,

K = o, o + JEK( YEK (V)s € QVK € N and J#K(s) — JeNE)(s) — 0 (V)s € Q. Tt follows that
{ 05K 3K (s) } — M, and the proof is complete. m

The metrization of the weak*-topologies on rca?” (K) and Y(K) can be described as follows:

Lemma 2.4. (Metrization of the weak*-topologies on rca?” (K) and Y(K)) Assume that countably
many functions fi = 1/|Q, f. € C*(QR) N L'(QR) with || f, I m) - 2] =1 for r > 2 as well as
g€ CO(K,R) N W' (K, R) with | g, lcory =1 and Lipschitz constants Ly > 0 for | > 1 are given such
that { f, } resp. { g} form dense subsets of the unit balls of L'(Q,R) resp. C°(K,R) with respect to their

norm topologies.

1)'7) Then the function o: rca?” (K) x rca?” (K) — R defined by

/ 1/ /!
o/, V") = 1+Ll ‘/gl dz/())‘ (2.7)
is a metrics on rca?” (K) with {vN }, reca?” (K) ——=v <= oV, v) = 0.
2)18) Further, the function o: Y(K) x Y(K) — R defined by
"
o) = 5 5 s | [ [ 5 0a) (a0 di) as| (28)

is a metrics on Y(K) with {u™N }, YK) —p <= o(u",u) — 0.

It follows that
(15}, VK) op e //f DN (W) ds 0 ¥ feLNQR) Vg e CUK,R). (2.9)

In particular, o(u™v, u) — 0 implies o(ulY, us) — 0 for almost all s € Q. With respect to this topology7
the sets Y(K) and G(K) are sequentially compact.'® Obviously, the subsets {{d,} € V(K)|u €
L(QR™), u(s) €K (V)s € Q} and {{745)} € GK) | 2 € WHP(QR"), Jz(s) €K (V)s € Q} lie
dense in Y(K) and G (K), respectively.

b) The mean value theorem for gradient Young measures.

It is possible to assign to every gradient Young measure an “averaged” Young measure (with respect to
s), which turns out to be a constant gradient Young measure. In the proof of the characterization theorem
(Theorem 2.9.) below, the following proposition will be employed.

Proposition 2.5. (Mean value theorem in G(K))?2% Assume that Q C R™ is a bounded Lipschitz
domain with o € int (). We consider sequences { w™N }, K and {z™ }, Wé’oc(ﬂ, R™), which satisfy a) w™ —

1) [WAGNER 09B], p. 446 f., Definition 2.1. and Theorem 2.2.

18) [WAGNER 09B], p. 448, Definition 2.4., and [ WAGNER 06], p. 52, Lemma 4.9.

19) Cf. [BERLIOCCHI/LASRY 73], p. 144, Proposition 1 (i), and [ WAGNER 09B], p. 450, Theorem 2.8., 2).
20) [WAGNER 09B], p. 450 f., Theorems 2.9. and 2.11.



weK, b)wh +JzN(s) e K (V)s € QVN € N, and ¢) { v 4 5n5(s) } —s € G(K). Then there exists a
further sequence { TN}, W(l)’oo(Q,IR") with the following properties:

1) lim o |7V ”C"(Q,]R,") = 0.
2) wN 4+ JzNV(s) €K (V)s € Q VN € IN.
3) {wN + JzN'} generates a constant gradient Young measure v = {v} € G(K), which may be understood

as the s-average of p:

lim [ g(w™ + J2N(s))ds = / / v) dps(v (2.10)

N—oo JQ

= lim g(u)N—i—JEN(s))ds:/Q/Kg(v)dl/(v)ds VgeC'(K,R).

N—oco JQ

4) The first moment of {v} isw = [ vdv.

5) The average operator A: G(K) — rca?” (K) defined by A(p) = v is linear and continuous with respect to
the weak*-topologies: o( A(pn'), A(n'")) < Co(p/,pn") V', p' € G(XK).

¢) Characterization of gradient Young measures on K: disintegration and assembling.

In this subsection, we develop further ideas from [ KINDERLEHRER/PEDREGAL 91 ] about disintegration and
assembling of gradient Young measures. In their paper, they do not specified the range of the generating
gradient sequences; consequently, we must check whether the constructions can be still performed under
consideration of the additional gradient constraint Jz(s) € K (V) s € Q. This turns out to be possible for
both the disintegration and the assembling theorem. While the the first theorem and its proof can be taken
over without alterations, the proof of the latter requires some careful refinements.

Proposition 2.6. (Disintegration of gradient Young measures supported on K) 2" Assume that
o €int(Q). If p € G(K) then for almost all sg € Q there exists a sequence {y™ }, W (0, R") with a)
JyN(s) e K (V)s € QVN € N and b) {5Jy1v(s)} v ={us } as a constant gradient Young measure.
In short: A gradient Young measure takes almost everywhere values which occur in constant Young gradient
measures.

Proof. By definition, for u € G(K) there exists a sequence { 2V } , W ™ (Q, R") with JzN(s) e KYN € N
(V)s € Qand {67,~5 } — p. Fixing so € int (Q), we choose a number K, € IN such that sy + s/Ky € Q
Vs e Q. For all K > K, we consider the functions

yNE(s) = K - (xN(80+s/K) —xN(so)) e WP (Q, R, (2.11)
which satisfy particularly
JyNVE(s) = JaN(so+s/K) €K YNeN VK > K, (V)s€Q. (2.12)

Now it can be shown in complete analogy to [ KINDERLEHRER/PEDREGAL 91|, p. 338 f., that an appropriate
subsequence of { Jy~ (K),K } generates the constant gradient Young measure v = { u, } which, consequently,
belongs to G(K) together with . m

Proposition 2.7. (Assembling of gradient Young measures supported on K)??) Assume that o €

int (). Consider a Young measure p € Y(K) with o) v = {15 } is a constant gradient Young measure for

%) Generalization of [ KINDERLEHRER/PEDREGAL 91], p. 338, Theorem 2.3.
22) Generalization of [ KINDERLEHRER/PEDREGAL 91], p. 351, Theorem 6.1.
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almost all s € Q and b) there exists a function & € W (Q,R™) with Ji(s) = Jx vdus(v) € K (V) s € Q.
Then p belongs to G(K).

Proof. e Step 1. Lemma 2.8.23) For a bounded Lipschitz domain Q C R™ and a m-dimensional Lebesque
null set N C Q, consider countably many functions f.; € LYQ,R) and r: Q\ N — (0, 1). Then there
exist countably many points s™M € Q\N and numbers %M ¢ (0, r&(s5M) ) with the following properties:

a) For all K € N, the sets (sK’MJreK’M Q) C Q are mutually disjoint, and the set N& = Q\ U3,_; (sK’MJr

€K’]w Q) has measure zero.

b) For all v, 1 € N, it holds that/fhl(s)ds = lim Y fr(s®M)-|5Mal. (2.13)
Q K—oco M=1

e Step 2. Choice of test functions. We choose countable sets of test functions ¢, € L'(Q,R) N W (Q, R)
and ¢, € C°(K,R) N W"(K, R) such that the family {®r-a},, lies dense in L' [Q, C’(K,R) |. Denote
lerllcomy = Crs 9t llcoggry = Cr and the Lipschitz constants of ¢, and g; by L, and L;. Using the

“values” ps € rca?” (K) of p and the functions g;, we define the functions

is) = [ ) dua(o), (2.14)
which, by measurability of p, belong to Ll(Q, R) for all I € IN. Consequently, the functions

o) = ¢r(s)-s) = [ r(s) o) dislo) (215)

belong to L'(2,R) as well.

e Step 3. Consequences of the properties of the first moment Ji of p. By Rademacher’s theorem,?* the
Lipschitz function & is differentiable in all its components for all s € int (2) \ No where the set Ng C  has

measure zero. Then
N = 90 UNo U {s € int (Q) | Ji(s) # /deus(v) or {1s} ¢ G(K)} (2.16)

is still a null set. Consequently, for every s € Q\ N and every K € N, we find a number 0 < 7 (s) < 1/2K
with

‘i(s“z)_i(s)fjg@(s)Tz\ < ﬁ VeeQ Vee(0,rK(s)) = (2.17)
1
#(s+ez)—i(s) —eJi(s)T 2| < 015K2 VzeQ Vee(0,r5(s)). (2.18)

Applying now Lemma 2.8. to the null set N from (2.16) and the families { f,; } and { 7% } | we obtain families
{sBMY QO and {eBM} R with 0 < e&M < K (sK:M) and the properties a) and b) from above, which

imply particularly that

/ fra(s)ds = lim 3 @ (s%M) g (s%M) . IEK’MQ| Vr,leN. (2.19)
Q K—o0o M=1

e Step 4. A generating gradient sequence for . With appropriate numbers 0 < ¢ < 1, we define subsets

K-1

QF = (1-cf)QcQ with |QK{:T|Q| (2.20)

[ KINDERLEHRER/PEDREGAL 91], p. 351, Lemma 6.2.
[EVANS/GARIEPY 92], p. 81, Theorem 2.



and cutoff functions n¥ € W (Q, R) with

=0 ] seQf;
n%(s) { €[0,1] | else and |Vn™(s)| < 2K (V)seQ. (2.21)
=1 se€0Q;

By assumption, for the constant gradient Young measures v = { i «m }, there are generating data

{NEMY e R™) with JeNEM(s) € K YN € N (V)s € Q, aNEM = Ja(s5M)T 5 and

{8 gevar(sy } — {psxar }. Define now functions (2.22)
. s — stM s — stM . s — stM
(atateaty s eratanoeanint (Sog—) ) - (Lo (o ) ) o (o)
K(o) —
Y= (s) = | se(sK,M+€K,JVIQ)
Z(s) | else

wherein N (K, M) will be specified in the estimates (2.26) and (2.41) below. Obviously, * belongs to W "> (€,
R™) together with & and zV (K,M),KM gince n are Lipschitz as well. For the derivatives of ¢y, we get

Ty () = Jeent (ST (1o (Y ) g 0 () 2.23)
+ gKlM () = (M) = BN (BT (22 ;;ZM )) e v (Pt ;;ZM )

s KM Nl s — M s — sKM
+<Jx( ek.M )—x” ( ckK.M ))@Vn( ckK.M )

for almost all s € (M 4 XM Q) and Jy®(s) = J&(s) else. The first two summands form a convex

combination of elements of K, thus remaining within K. For the third summand, we infer from (2.18):

1 5 (KM KM rns gyt (S —85M K/ s— M
‘W'(‘”(S)_W’ ) =M Ja(sSM)T (S ) ) @ U (WH
1 - A0 KM KM 7a¢. K M\T s —stoM K s — sM
< Y] Z(s) — z(s™M) — ™M Tz (s (W)"Cl‘vn (W)‘ (2.24)
Cr . . . 2
< TR x(sK’M+€K’Mz)—x(sK’M)—eK’MJz(sK’M)Tz| 2K < i (2.25)
by substituting z = (s — s%M)/eXM_ For the last summand, the uniform convergence of 2™ allows to
find an index N (K, M) such that
K,M KM KM
~fS— S s— 8 s — st
‘(Jx( cK.M )_mMK’M( oK, M ))®V’7K( SR M )’ (2.26)
K,M K,M KM
L[S — 5 NEM[(S—S K(S—8" 2
< ’Jx(w)—x (7€K,M )!~01Wn (7€K,M )’ S %

for all s € Q and for all N > N (K, M). Summing up, we find that
Jy¥(s) € K+ B(0,4/K) (V)s€Q. (2.27)

Consequently, there is a monotonically increasing sequence of numbers A\¥ € (0, 1) with lim 5, A\¥ =1
such that JyX € K can be guaranteed after replacing VUM KM 1y NK @ N(KM),KM thyg shrinking the

sum of the first two summands in (2.23).



e Step 5. A suitable subsequence of { Jy*} generates p. We investigate

10.5) = [ ) a1 (s)ds = 5 [ o) o ( Ty () ) ds
Q M=1 J(sK,M+e¥:M Q)
= S ()T [ (M (RN R ) (228)
M=1 Q
= 3 (efM)" (M 4 BN zK’M)/ a( JyX (M 4 BM ) dz (2.29)
M=1 Q

with 25M € Q cf. [WAGNER 06], p. 57. Inserting (2.23), we may continue as follows:

Ir,K) = 3 (M) g (s5M 4 IOM M (/ gi( JeNEMLEM (o)) g (2.30)
M=1 QK
—|—/ gl(JyK(...))dz—/ gl(Ja:N(K’M)’K’M(z))dz>
Q\QK Q\QK
= Tl(’l“,l,K) —l—Tg(T,l,K) +T3(T,Z,K) with (2.31)
Tyl K) = 35 (KM)™ / (JaNEMLEM (L)) g (2.32)
M=1 Q
Ta(r,l,K) = (EK’M (/ g Jy ))dz—/ gl(JxN(K’M)’K’M(z))dz); (2.33)
M=1 Q\QK Q\QK
Ty(r,l, K) = 3 (5M)™ (msK’MﬁK’M szM)_LpT(sKvM)) : ( ) (2.34)
M=1

Let us estimate first To(r, 1, K) and T5(r, 1, K). For Tx(r,l, K), we obtain from (2.20)

o0
Tar LK) = | () () ([ gy [ (g0 ) az) | 235
M=1 Q\QK Q\Qx
i) 2 1
< MY Lo\ QF |20 G0 — = Ca(nl) - — 2.36
(X (¥)") G ook = = Can D) = (2.36)
since Lemma 2.8. implies particularly that > 3,_; (5K’M )m = 1. Further, we get
[ Tor LK) < | 30 (£5M)™ (500 o FOM KM ) g (55001 ) (2:37)
M=1
: (/ g JeNUSMEM () 4 / Ty (..))dz) |
QK Q\QK
o . 1
S(E(aK’M) )-Lr-aK sup’z’ Cl’Q‘ Cs(r, 1) M < Cy(r, 1) — . (2.38)
M=1 oK
Further, for every K € IN we may determine an index M (K) such that
S KM A\™ 1
(6 : ) < —. (2.39)
M=M(K) K

For the finitely many indices M =1, ... , M(K) — 1, we modify the numbers N (K, M) as follows: Denoting
by VKM

continuity of the average operator implies

€ rca?” (K) the average of the Young measure { d .~ x.nm () } according to Proposition 2.5., the

Q( { 5J$N,K,M(s) } s {‘LLSK,JVI } ) -0 = O'(,LLN’K’M , Mgk, M ) —0 (240)
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where o( -, -) is defined as in Lemma 2.4. Now we may enlarge the numbers N (K, M) until

1
K

N.K,M VN > N(K,M) (2.41)

o (1M ) <

holds. Consequently, we get

| [ ) 0K ) = [ g0) ()| < 241+ L) (2.42)
K K
Summing up, we obtain
I(r,,K) = Z (XM, (s5M) / / 91(v) dpgren (v) dz + To(r, 1, K) + Tx(r,1, K) (2.43)

M=1 Q

M(K)—1 .
e S () () [ ([ (o) a0 )~ [ (o) disgse(0)) dz
M=1 Q K

Y (M) (s / ( / gu(v) dp MK M () /K 0i(0) dpysen () ) dz - =

M=M(K)
’I(r,l,K)f 3 ("M " o (sTM) //gl ) dppgrem ( )dz’ (2.44)
M=1
M(K)—1 .
<|Ta(r LK) | + | Ta(r LK) | + ( X (M) )Cr‘|9| ' ‘/QZ(U)dNN(K’M)’K’M(v)
M=1 K
—/gl<v>dusK,M<v>\ (X ()6l
M=M(K)
< Cofr, l) + Cs(r, 1) +C, | Q]2 1+Ll);{+2crcl|9|i — (2.45)
lim ‘I(T,Z,K)— § (EKM stoM //gl ) dppgr.ne (v dz‘ = 0. (2.46)
K—o0 M=1

Finally, Lemma 2.8., b) implies that

im 3 (eXM)™ g, (s5M) . Q] / 91(v) dptorens () (2.47)

K—oco M=1 K

= lim f (XM ™ o (sHMY | Q| - gy(sM) (2.48)
K—oco M=1

— lim 3 or(sKM) gy (s5MY [ M Q| = //wr(S)gz(v)dus(v)d& (2.49)
K—o0o M=1 QJK

Thus { Jy®X } generates indeed p, and the proof is complete. m
Propositions 2.6. and 2.7. can be combined into the following theorem:

Theorem 2.9. (Characterization of gradient Young measures on K) A Young measure p € Y (K)
belongs to G(K) iff its first moment is the gradient Jx of a function x € WI’OO(Q,IR”) and almost all of its
values ps arise from constant gradient Young measures belonging to G(K).
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3. The lower semicontinuous quasiconvex envelope of the integrand f(s,¢,v).

a) Quasiconvex functions with unbounded values.

In the treatment of multidimensional control problems of Dieudonné-Rashevsky type, it is useful to work
with an extended notion of quasiconvexity, which can be applied to functions taking the value (4+00) outside
of the control domain K € R"™™. Consequently, we start with the following definition:

Definition 3.1. (Quasiconvex functions with unbounded values)?®) A function f: R™™ — R with

the following properties is said to be quasiconver:

a) dom (f) C R™™ is a nonempty Borel set;

b) f ’ dom (f) is Borel measurable and bounded from below on every bounded subset of dom (f);
¢) for allv € R™™, f satisfies Morrey’s integral inequality

flv) < 1 / flv+ Jz(t))dt Veré’oo(Q,R")7 (3.1)
2] Jo
or equivalently
f(v) = inf { ﬁ / flo+ Ja(t))dt | 2 € WES(QR™), v+ Jo(t) eR™ (V)€ Q). (3.2)
Q

Here Q C R™ is a bounded Lipschitz domain.

We adopt the convention that the integral [, (+00)dt takes the values zero or (400) if either A € R™ is a
m-dimensional Lebesgue null set or has positive measure. If dom (f) = K is a convex body then the set of

“test functions” within Morrey’s integral inequality (3.2) allows for the obvious restriction 26)

f(v) = inf { ﬁ /Qf(v +Ja(t))dt | x € WES(QRY), v+ Ja(t) €K (V)teq} (3.3)

for all v € K. In the same spirit, the definition of the quasiconvex envelope can be generalized:

Definition 3.2. (Lower semicontinuous quasiconvex envelope f (@©) for functions with unbounded
values) 27) To a function f: R"™™ — R bounded from below, we define the lower semicontinuous quasiconvex
envelope (1) : R™™ — R through (3.4)

9 w) = sup{g(v) | g: R"™ = R quasiconvex and lower semicontinuous, g(w) < f(w) Yw € R"™ }.

This definition is motivated by the observation that any finite, quasiconvex function g: R™ — R is con-
tinuous from the outset. ?®) If a measurable function f is bounded from below and takes only values in R
then Definition 3.2. coincides with the usual definition of the quasiconvex envelope, 2) and the function f(2¢)
is quasiconvex and continuous as well. In general, however, it is a matter of proof to ensure that (4 is a

[WAGNER 09A], p. 73, Definition 2.9., as a specification of [BALL/MURAT 84], p. 228, Definition 2.1., in the
case p = (+00). If f takes only values in R then Definition 3.1. agrees with the usual definition of quasiconvexity,
cf. [DACOROGNA 08], p. 156 f., Definition 5.1., (ii).

[WAGNER 09A], p. 74, Theorem 2.11.; 2).
[WAGNER 09A], p. 76, Definition 2.14., (2).
[DACOROGNA 08], p. 159, Theorem 5.3., (iv).

Cf. [DACOROGNA 08], p. 156 f., Definition 5.1., ii).
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quasiconvex function in the sense of Definition 3.1. and is, consequently, admissible in the process of its own
forming. If so, then f(99) is the largest quasiconvex, lower semicontinuous function below f, and it satisfies
the inequality f¢(v) < f9(v) < f(v) for all v € R™™.30)

b) The lower semicontinuous quasiconvex envelope for f(s,&,v).

In order to ensure the desired behaviour of the lower semicontinuous quasiconvex envelope, we specify the
following function class k.

Definition 3.3. (Function class Fx)3!) Let Q € R™ be a bounded Lipschitz domain and K C R™ a
convez body with o € int (K). We say that a function f(s,&,v): @ x R" x R" — R U{(+00) } belongs to
the class Fk iff there exists a m-dimensional Lebesqgue null set N C Q with:

a) f(s,&,v) = (4o00) for all (s,§,v) € (Q \ N) x R"™ x (]R"m \K),
b) f(s,&v) < (4+00) for all (s,§,v) € (2 \ N) x R" xK,

c) the restriction f | ( (Q \ N) x R™ x K) is Borel measurable with respect to s and continuous with respect
to (€,v), and

d) [ satisfies the growth condition
| f(5,€,0) | < A(s) + B(&,v) ¥(5,6,0) € Q x R" xK (3.5)

where A € L'(Q,R), A ‘ int () 4s continuous, and B is bounded on every bounded subset of R" x K.

As a consequence, the lower semicontinuous quasiconvex envelope of f € g"K, which is formed with respect
to the variable v, obeys the following properties:

Proposition 3.4. (Properties of f(9°) for f € f;"K) 32) Let f € Tk be given. Then for every fized (s0,&0) €
(Q\ N) x R" it holds that

1) f¢(s0,&0,v) < fU99(sq,&0,v) < f(s0,&0,v) for all v € R™™, which implies particularly 9 (sq, &, v) =
(400) for allv e R"™ \ K.

2) f(qc)(smfo,v): R™ — R is quasiconvez in the sense of Definition 3.1. Moreover, it is the largest lower

semicontinuous, quasiconver function below f(so,&o,v).

c) Representation of the lower semicontinuous quasiconvex envelope by probability measures.

It is well-known that the convex envelope of a function f(s,&,v) € §"K with respect to the variable v admits
the representation f¢(so, &, w) = Min{ [ f(s0,%0,v) dv(v) | v € S¢(w) C rca?" (K) } where S¢(w) = {v €
reca?” (K) | [vdv(v) = w}. 00) For the lower semicontinuous quasiconvex envelope, this assertion has an
analogon where v is allowed to run through an appropriate subset S(9¢)(w) C S¢(w) only. The following
definitions and theorems establish a close connection between the lower semicontinuous quasiconvex envelope

and gradient Young measures.

Definition 3.5. (The set-valued map S(49)33) For given w € K, the set S(¢) (w) C rea?" (K) consists of

all probability measures v € rca (K) with the following properties: There exist sequences { w™ }, int (K) and

[WAGNER 09A], p. 77, Theorems 2.18., (1) and 2.19.

[WAGNER 11B], p. 191, Definition 1.1., 2).

[WAGNER 11B], p. 198, Theorem 2.10., 1) and 2).

Cf. [WAGNER 09B], p. 444.

Synopsis of [ WAGNER 09B], p. 452, Definition 3.1. and Lemma 3.2., and p. 459, Theorem 3.9., 2).
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{2}, W(l)’oo(Q,]R") with a) lim y_, o w =w, b) 2V = 0, ¢) WN + JzN(s) e K (V)s € Q VN € N and
d) { 0wy yun(s) } Ty = {v} € G(K) as a constant gradient Young measure.

Proposition 3.6. (Properties of S(%)(-)) Let K C R™™ be a convex body with o € int (K).

1)3Y The sets S\ (w) are nonempty, weak*-closed and convex for all w € K.

2)35) The set-valued map S : K — rca®" (K) is continuous on int (K) and upper semicontinuous on K.

Proposition 2.7. and Theorem 2.9. may be complemented by the following assertion:

Proposition 3.7. (Characterization of constant gradient Young measures) v = {v} € Y(K) is a

constant gradient Young measure iff there exists w € K such that v € S (w).

Proof. If v € G(K) is a constant gradient Young measure then its first moment takes the form
/ vdrs(v) = weK (3.6)
K

by convexity of the integral. 39 Consequently, we may apply Lemma 2.3., 2) to the generating data of v, thus
confirming that v matches Definition 3.5. with v € S(4°) (w). Conversely, any measure v € S(4°) (w) allows for

the generation of a gradient Young measure {v} =v € G(K). n
Now we may state the announced representation theorem for f(4°) (s, &, v).

Theorem 3.8. (Representation theorem for (4 if f ¢ f;"K) Assume that Q C R™ is a bounded
Lipschitz domain, K C R"™ is a convex body with o € int (K), and f(s,&,v) is a function belonging to the
class Fx. Then for every fixed (so,&o) € (Q \ N) x R™ and for all w € K, we have the representation

f(qc)(so,gmw) = Min{/Kf(so,gmv) dv(v) | v e §lae) (w) } (3.7)

Proof. As a consequence of Definition 3.3., f(sg, &, v) is continuous on K as a function of v and (400) outside
of K for almost all s € Q and all {§; € R"™. Now the assertion of Theorem 3.8. is implied by [ WAGNER 09B],
p- 444, Theorem 1.4. m

4. Investigation of the relaxed control problem (P)s.

a) The control-to-state mapping.

We now turn to the investigation of the relaxed control problem (P)s from Section 1. Our first observation is
the continuity of the control-to-state mapping, which assigns to every feasible generalized control p € G (K)
that function z € W™ (9, R"), which satisfies (1.9) together with .

Proposition 4.1. (Assignment of the feasible state as a linear, continuous operator) We study
(P)3 in the analytical situation specified in Theorem 1.1. Then the operator T: G(K) — Wé’oo(Q,R")
assigning to every feasible generalized control p € G(K) the integral x € Wé’oo(Q,lR") of its first moment

Jx € L7 (Q,R™™) is well-defined, linear and continuous.

Proof. Consider first the operator M : G(K) — L™ (£2,R™) assigning to p € G(K) its first moment

u € L™(2,R™). Obviously, M is linear. In order to prove continuity, we may assume without loss of

34) [WAGNER 09B] p. 452, Theorem 3.4., and p. 459, Theorem 3.10., 1).
35) [ WAGNER 09B], p. 452, Theorem 3.6., and p. 460, Theorem 3.12., 1).
36) [BouRrBAKI 52], Chap. IV, § 6, p. 204, Corollaire.
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generality that the Lipschitz functions g;;(v) = v;; are part of the sequence { g; } used in the definition of
the metrics o(-, -) and o(-, -) in Lemma 2.4. Then, applying the mean value theorem (Proposition 2.5.) to

p', '’ € G(K) and denoting the average operator by A, we calculate

() =] = | [ o [do) - auio)] 3| [ v [44G) @) = aaw) )] | (4.1)

<0(A(u),A(u)) Co(p',p") = (42)
I M) = MO gy = 10 = 0 oy = es550p [0 (5) = (5) | € Colw's ), (43)
s €

and M is continuous. If p € G(K) is feasible in (P)s then its first moment takes the form v = Jz with
x € Wy (Q,R"™), and the operator I: L®(Q,R"™) — Wy >(Q,R") with I(Jz) = z is well-defined and
linear as well while its continuity follows from the Poincaré inequality.3”) Consequently, the composition
T = I o M is linear and continuous as well, and the proof is complete. m
b) Compactness of the feasible domain.
As a consequence of Proposition 4.1., we may confirm the compactness of the feasible domain B3 of (P)s.

Proposition 4.2. (Boundedness of the feasible domain) Consider again (P)s in the analytical situation
specified in Theorem 1.1. Then the feasible domain Bz C I/V(lJ’OO(Q7 R") x G(K) is bounded in the product of
the W(l)’oo—norm topology and the metric topology on G(K) generated by o.

Proof. Note first that, due to the assumptions about the functions f,. and g; in Lemma 2.4., Y (K) itself is
bounded in the metrics (2.8) since

o) < 5 5 s 186 [ 1a)| (a0)+ i) ds (1.4)

(o) [e'e] 1
2:: 2 m/ﬂﬂ o llglloogds <25 3

—— < 2. 4.5
=1 = 27 (1 L) (4:3)

Consequently, from (4.3), (4.5) and the Poincaré inequality we get for arbitrary (2/, u'), (2", ") € Bs

2" —a” ||W[1)’°°(Q7]R") < O\ Ja' = Ja" ||W(1J’°°(Q,]R") < ég(ﬂla p') <20, (4.6)

and Bj is bounded together with G(K) C Y(K). m

Corollary 4.3. (Sequential compactness of the feasible domain) Under the assumptions of Proposi-

tion 4.2., the feasible domain Bs of (P)s is sequentially compact in the product of the weak®-topologies on

W™ (Q,R™) and G(K).

Proof. From Proposition 4.2. and the sequential compactness of G (K), we obtain immediately the sequential
compactness of Bs in the weak*-product topology. m

¢) Proof of Theorem 1.1.

For the convenience of the reader, we repeat SCHAL’s theorem about the measurability of the optimal selector.

[Evans 98], p. 275, Theorem 1, holds true together with the Rellich-Kondrachov theorem even on a bounded
Lipschitz domain, cf. [ ADAMS/FOURNIER 07], p. 168, Theorem 6.3.
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Theorem 4.4. (Measurability of the optimal selector) 38) Let 0 C R™ be the closure of a bounded
domain. Assume that [X, o] is a compact, separable metric space containing a countable, dense subset X.
Recall that a measurable set-valued map S: Q — P(X) with nonempty, closed images, whose intersections
S(s) N X are dense in S(s) for all s € Q, is called separable. Consider a Carathéodory function g(s,v): £ x
X — R and a set-valued map S: Q — P(X) with nonempty, closed images, which satisfy the following
assumptions:

a) for every s € ) there exists an “optimal” element i € S(s) with g(s,v) = inf { g(s,v) | v € S(s) }, and

b) the set-valued map S admits an approzimation by a sequence of separable set-valued maps SN : Q — P(X)
with lim y_, . S™(s) = S(s) for all s € Q where the limit is taken in the sense of a Painlevé-Kuratowski.>")

Then there exists a Lebesque measurable function h: Q — X (an “optimal selector”) with
h(s) € S(s) and g(s,h(s)) = inf {g(s,v) | v €S(s) }. (4.7)

for all s € Q.

We are now in position to prove the relaxation theorem (Theorem 1.1.) about the problems (P);, (P)2 and
(P)s.

Proof of Theorem 1.1. e Step 1. (P)2 and (Ps admit finite minimal values and global minimizers. For
(P)2, this has been already proven in [ WAGNER 11B], p. 193, Theorem 1.4. For (P)s, the finiteness of the
minimal value is a consequence of Proposition 4.2. and the boundedness of the objective F: Wé’m(Q, R™) x
G(K) — R. Consequently, (P); admits a minimizing sequence { (z%,u™)}, and from Corollary 4.3. we

’

conclude that we may pass to a feasible limit element (&, fi) along a suitable subsequence { (z™', uN')}.
Moreover, by the Sobolev imbedding theorem, *?) we may assume that = ' converges uniformly, and thus
lim . F(zN', uN') = F(&, 1) = ms holds.

e Step 2. The inequality ms > mgy. Consider a minimizing sequence { (z¥,u™)} of (P)y with

mo+1/N > Fl9zN o)y > my YNelN. (4.8)

From Theorem 3.8., we get

Fla©) (mN,uN) = /Qf(qc)(s,xN(s),uN(s) Yds = / Min ) /Kf(s,:nN(s),v) dv(v) ds (4.9)

2 e (uN(s)

_ /Q/Kf(g,xN(s),v)du;V(v)ds (4.10)

where vV € rca?” (K) is determined by

/K F(s,27 (5),0) dv (v) = / £(5,2" (5), 0) dv (o) = / F(s,2™ (5), 0) du(v) . (4.11)

yES(qC) uN(s) VES(‘IC) JxN(e)

If the family v = {vN} selected in (4.11) is measurable then, by Theorem 2.9., ¥V belongs to G(K)

since every measure v € S(9°)(s) arises from a constant gradient Young measure { v} € G(K), and the first

3) [ScHAL 74], p. 220, Theorem 3.
39 Cf. [ AUBIN/FRANKOWSKA 90], p. 41, Definition 1.4.6.
40) [ ADAMS/FOURNIER 07], p. 85 f., Theorem 4.12., II.
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moment of { v } is given by [ vdvl¥ (v) = Jz™ (s) for almost all s € Q. Then it would follow that the pair
(N, {v] }) is feasible in (P)3, and we get

ma+1/N > F9 @V o)y = FN {vN}) > mas (4.12)

for arbitrary N € IN. Consequently, it must be checked whether it is possible to select a measurable fa-
mily in (4.11). In order to confirm this, we apply Theorem 4.4. to the following data: Q@ C R™, the set
X = rca?” (K) which becomes a compact, separable metric space together with the metrics ¢ arising from
the weak*-topology, the Carathéodory function g(s,v) = [, f( ,v)dv(v) and the set-valued map
S (uN(-)): @ — P(reaP" (K)). In fact, as proven in [WAGNER 090], p. 618, the latter satisfies as-
sumptions a) and b) of Theorem 4.4. Thus it is possible to find a measurable family h = v» = {vN } with
the property (4.11).

e Step 3. The inequality mz > m; > my. Consider now a minimizing sequence { (z™, u™¥)} for (P)s with

ms+1/N > F@™, u™) > ms. (4.13)

By Definition 2.1., 2) and Lemma 2.3., u" € G(K) can be approximated by gradient Young measures of
the form { 07,~.x(s) } With VK ¢ Wé’oo(ﬂ, R™), and the continuity of the control-to-state mapping in (P)3
(Proposition 4.1.) and the continuity of F with respect to both variables imply

mz +1/N +1/K > F(a™E {§nu}) = ms. (4.14)

Consequently, we get
ms +1/N +1/K > F(a™® {8, // F(s,2™5(8),0) db g (5 (v) ds (4.15)
/fsa: s), JeNE(s))ds = F(aNE JaeNEY > my

for all N, K € IN after an appropriate choice of V. From f(s,&,v) > f(49) (s, £, v), we obtain F(z,u) >

F(99) (z,u) for all feasible (x,u), thus it holds that m; > my. Summing up, we arrive at m; = mg = mg.

e Step 4. Completion of the proof. If (Z,4) is a global minimizer of (P); then [ WAGNER 11B], p. 193,
Theorem 1.4., implies that (Z,4) is a global minimizer of (P)s as well, and vice versa. Now the proof of
Theorem 1.1. will be completed by the observation that for every global minimizer (£, ) of (P)s, it follows
that

my = FU9(&,0) = F(&,4) = /Qf(s,:;;( ))ds = // f(8,2(8),v) dogs)(v) ds (4.16)
= ﬁ(ia{dﬁ(s)}) = ms,

and (Z,{dsa(s) } ) is a global minimizer of (P)3. m
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